In this article we consider the continuity of the eigenvalues of the connection Laplacian of G-connections on vector bundles over Riemannian manifolds. To show it, we introduce the notion of the asymptotically G-equivariant measured Gromov-Hausdorff topology on the space of metric measure spaces with isometric G-actions, and apply it to the total spaces of principal G-bundles equipped with G-connections over Riemannian manifolds.
Introduction
For a closed connected Riemannian manifold (X, g), the Laplace operator is defined by ∆f := d * df
for any smooth functions f on X, where d * is the formal adjoint of exterior derivative d. As one of the fundamental results of harmonic analysis, we obtain the orthonormal basis {f j } j of L 2 (X) and eigenvalues 0 = λ 1 < λ 2 ≤ λ 3 ≤ · · · such that lim j→∞ λ j = ∞ and ∆f j = λ j f j . Here, we consider the function λ j , which maps the isometric class of closed Riemannian manifolds to the j-th eigenvalue of its Laplacian. In [3] , Fukaya has shown the continuity of λ j with respect to the measured GromovHausdorff topology under the assumptions that the sectional curvatures of Riemannian manifolds are bounded. He also conjectured that the continuity should holds if the lower bound of the Ricci curvatures are given.
His conjecture was solved by Cheeger and Colding in [2] . They defined the Laplacian on the metric measure space (X, d, µ) which is the measured Gromov-Hausdorff limit of a sequence of smooth connected closed Riemannian manifolds {(X i , g i )} with diam(X i ) ≤ D, Ric g i ≥ κg i for some constant D > 0 and κ ∈ R, then they showed that lim i→∞ λ j (X i , g i ) = λ j (X, d, µ).
Here, (X i , g i ) can be regarded as a metric measure space by the Riemannian distance d g i and the provability measure , where µ g i is the Riemannian measure.
On the Riemannian manifolds, the Laplace operators can be also defined for the differential forms or smooth section of vector bundle with the metric connections. In [8] , Lott discussed with the eigenvalues of the Laplacian acting on differential forms on the Riemannian manifolds with bounded sectional curvatures and diameters, but may be collapsing. He also discussed with the eigenvalues of the Dirac operators in [7] . Recently, in [4] , Honda showed the continuity of the eigenvalues of the Hodge Laplacian acting on the 1-forms with respect to the measured Gromov-Hausdorff topology under the assumption that the Ricci curvatures are bounded from below and above, the diameters are bounded from above and the volumes are bounded from below. He also showed the continuity of the eigenvalues of connection Laplacian acting on the tensor bundle of cotangent bundles and tangent bundles under the same assumptions.
In another direction, Kasue showed the convergence of the eigenvalues of the connection Laplacian on vector bundles over the Riemannian manifolds who have the uniform estimates of heat kernels in [5] . He considered the vector bundle E ρ = P × ρ V with G-connection ∇ on a smooth Riemannian manifold (X, g). Here, P is a principal G-bundle, (ρ, V ) is a representation of G, P × ρ V is the associate bundle and ∇ = ∇ A is the connection on E ρ induced by a connection form A ∈ Ω 1 (P, g). Then the connection Laplacian ∇ * ∇ acting on Γ(E) can be identified with the Laplacian of the certain Riemannian metric h = h(g, A, σ) on P determined by g, A and an bi-invariant metric σ on G.
In this article, we also consider the continuity of the connection Laplacian on E ρ . The difference between [5] and this article is the topologies on the space of the vector bundles with connections. In this article we introduce the asymptotically G-equivariant measured Gromov-Hausdorff topology on the space of compact metric spaces with isometric G-actions. Then we can define the convergence of the sequence of {(P i , A i )} i , where P i is a principal G-bundle over a Riemannian manifold (X i , g i ) and A i is a G-connection on P i . Denote by λ ρ i,j the j-th eigenvalue of ∇ A i * ∇ A i acting on Γ(P i × ρ V ). The aim of this article is to show that if {(P i , A i )} i is the convergent sequence, then the limit lim i→∞ λ ρ i,j exists for any j and (ρ, V ). As a consequence, we have the following theorem. Theorem 1.1. Let G be a compact Lie group and (ρ, V ) is a real unitary representation of G. For any κ ∈ R, D, N > 0 and j ∈ Z ≥0 , there exist constants 0 ≤ c j < C j depending only on n, κ, D, N, j, G, ρ, V such that lim j→∞ c j = ∞ and the following holds. For any closed Riemannian manifold (X, g) of dimension n and principal G-bundle π : P → X with the G-connection A such that
we have
where F A ∈ Ω 2 (X, E ρ ) is the curvature form of A.
Theorem 1.1 is proved as follows. To discuss with the connection Laplacian ∇ * ∇, we need the relation between
and the Laplacian ∆ of h on P . In Section 2 we review the relation between the sections of E ρ and G-equivariant V -valued smooth functions on P . Next we construct the Riemannian metric h on P from (X, g), A then show that ∇ * ∇ is related to the Laplacian of h along [5] [7] in Sections 3 and 4. In Section 5 we compute the Ricci curvature of h, and we will see that the boundedness of F
L ∞ in the assumption of Theorem 1.1 is necessary to give the lower bound of the Ricci curvature of h. In Section 6, we introduce the notion of the asymptotically G-equivariant measured Gromov-Hausdorff convergences for the sequences of compact metric measure spaces with isometric G-actions, then show that if the sequence is precompact with respect to the measured Gromov-Hausdorff topology, then it is also precompact with respect to the asymptotically G-equivariant measured Gromov-Hausdorff topology. In Sections 7 and 8, we review the results for the convergence of spectral structures on some metric measure spaces along [2] [6] and apply them to our situation, then we see that these arguments are compatible with the G-actions.
u exp(tξ).
The G-connection determines the horizontal distribution H = {H u } u∈P by
Local trivialization
Let (U, x 1 , . . . , x n ) be a local coordinate on X and we suppose that P | U = π −1 (U) = U ×G. Letv u ∈ H u be the horizontal lift of v x ∈ T x X. Now we have T (x,γ) P = T x X ⊕ T γ G, and let e 1 , . . . , e k ∈ g be a basis. Then
Then we have
Now, we fix a real unitary representation ρ : G → O(V ) for a vector space V with inner product, and have
For the associate vector bundle E ρ := P × ρ V , we have the natural identification
In particular, the correspondence between τ ∈ Γ(X,
Denote by ∇ A the covariant derivative on E ρ , then ∇τ corresponds to dτ | H under the identification
For ξ ∈ g we have
hence we obtain
3 Riemannian metric on P
In this section we describe the relation between the rough Laplacian on the associate bundle E ρ and the Laplacian on P for the certain metric along [5] [7] .
Fix an Ad G -invariant metric σ on g and define a Riemannian metric
on P by
By the decomposition (1), we have
Therefore by integrating on P we have 
is a G-equivariant map whose eigenvalues are real and nonpositive. Consequently, if (ρ, V ) is an irreducible representation, then by the following lemma we may write
for some nonnegative number χ σ,ρ , called Casimir invariant, determined by (ρ, V ) and σ.
Lemma 3.1. Let (ρ, V ) be an irreducible real G-representation and Φ : V → V be a G-equivariant linear map which has at least one real eigenvalue. Then there is a ∈ R such that Φ = a · id V .
Proof. Let a ∈ R be an eigenvalue of Φ and V (a) ⊂ V be the eigenspace associate with a ∈ R. Since V (a) is a subrepresentation of V , V (a) = V holds since V is irreducible.
Eigenspaces
Let X, P, G, E ρ , ρ, V, h, A be as above. For λ ∈ R put
then we can see
By the previous section we obtain an isomorphism
Curvature
In this section we compute the curvature of h(g, A, σ).
and let Γ k ij be the Christoffel symbols of g. By Section 3, we have
where
Moreover the 2nd Bianchi identity yields
Now we denote byR the curvature tensor of h, and by R that of g. Then we haveR
Here, we have
By putting
The 2nd Bianchi identity implies
therefore we obtain
Hence the Ricci curvature of h is given bŷ
where H * → P is the dual of the horizontal distribution H → P and
6 G-structures on metric spaces
In Section 3, we have shown that π : (P, h) → (X, g) is a Riemannian submersion and every G-orbit is totally geodesically embedded in P and isometric to (G, σ). Conversely, if (P, h) is a Riemannian manifold with isometric free G-action for a compact Lie group G and every G-orbit is isometric to (G, σ), then X = P/G is a smooth manifold with a Riemannian metric g such that π : (P, h) → (X, g) is a Riemannian submersion, and the horizontal distribution of P defines a G-connection. We generalize this picture to the metric spaces.
In this article, G-actions on the metric spaces always mean the right actions, and the maps
are always supposed to be continuous. We denote byū ∈ P/G the equivalence class represented by u ∈ P . Proposition 6.1. Let G be a compact topological group, and (P, d) be a metric space with isometric continuous right G-action. Then the quotient map π :
(1) Let (P ′ , d ′ ) and (P, d) be metric spaces. A map φ :
holds for any continuous function f :
Definition 6.3. Let G be a compact topological group.
(1) Let (P ′ , d ′ ) and (P, d) be metric spaces with isometric G-action. A map φ :
Remark 6.4. In Definition 6.3, φ i : P i → P ∞ are not required to be Gequivariant. If all of φ i are G-equivariant, then we obtain another topology which is already introduced by Lott in [7] [8].
We denote by
the pair of a sequence of metric measure spaces {(P i , d i , ν i )} i and its measured Gromov-Hausdorff limit (P ∞ , d ∞ , ν ∞ ). Similarly, we write
Proposition 6.5. Let (P, d) and (P ′ , d ′ ) be metric spaces with isometric Gaction, and φ : P ′ → P be an ε-approximation of G-equivariant isometry. Then there exists a 2ε-isometryφ : P ′ /G → P/G. Moreover, suppose that ν and ν ′ are Borel measures on P and P ′ respectively, φ is a Borel map, X is compact, and there is a Borel section
Thenφ is also a Borel map and the following holds. For any f ∈ C(X) and ε ′ > 0 there exists δ > 0 depending only on ε ′ and f such that if ε ≤ δ then
Proof.
Note thatφ is a Borel map if so are φ and s ′ .
Then we havē
which impliesū ∈ B(φ(X ′ ), 2ε). Suppose ν and ν ′ are Borel measures on P and P ′ respectively and f : X ∞ → R is a continuous function. Now we have
Since X ∞ is a compact metric space, f is uniformly continuous, therefore for any ε ′ > 0 there is δ > 0 which depends only on ε ′ and f such that
hence if ε is not more than
As a consequence of Proposition 6.5, we obtain the following results.
, P ∞ is compact and every
, that is, there are ε i -isometry φ i : P i → P ∞ for each i and lim i→∞ ε i = 0 holds. Suppose that a compact topological group G acts on every P i isometrically and P ∞ is compact. Moreover assume that the family of continuous maps {F i,u } i∈Z ≥0 ,u∈P i , where
is equicontinuous. For any decreasing sequence {ε k } k with lim k→∞εk = 0, there are a subsequence {(
Proof. Put
First of all we induce the metric on the quotient group G 0 \G compatible with its quotient topology. For every u ∈ P i , let P i,u be the metric space isometric to P i and put
be the metric space whose distance function is given by
Define the injective map f X : G 0 \G → X by f X (γ) := (uγ) i,u . Here, we denote by γ the right coset in G 0 \G represented by γ for the brevity. Then the induced metric
Denote by O the quotient topology on G 0 \G and denote by
which is an open set. Thus we can see that f : (G 0 \G, O) → f X (G 0 \G) is a bijective continuous map from a compact space to a Hausdorff space, hence it is a homeomorphism, which implies O = O d G .
Since P ∞ and G 0 \G are compact metric spaces, they are separable. Let
By the compactness of P ∞ and G 0 \G, we may assume that there are increasing sequences of integers 0
First of all we define
Since P ∞ is compact, there is a subsequence of {φ i (u 
)} i k converges to the limit. We put
then we obtain a map
By taking a subsequence {i 0,k } k of {i k } k , we may suppose that
and k ≥ 0. By replacing i k by i k,k , we may assume that
Next we show the continuity of the above map. We have
which gives the continuity of (3). Then we can extend the map to
continuously. Next we show that for any
Now, choose α, β such that
which implies lim k→∞ φ i k (u i k γ) = uγ.
Next we have to show (uγ)γ ′ = u(γγ ′ ) for any u ∈ P ∞ and γ, γ ′ ∈ G. Take
also holds, therefore we obtain (uγ)γ ′ = u(γγ ′ ). One can see that the action on P ∞ is isometric since
By (6), we have
Remark 6.8. Suppose P i is compact. The following map
is continuous, hence uniformly continuous. Then {F i,u } u is always equicontinuous for any fixed i.
As a consequence of Proposition 6.7, we also obtain the following.
Proposition 6.9. Let (P i , d i ) and (P ∞ , d ∞ ) be metric spaces with isometric G-actions satisfying the assumption of Proposition 6.7, and let , where µ g is the Riemannian measure. For a principal G-bundle π : P → X and a G-connection A on P , let
be a sequence of closed Riemannian manifolds with
for some constants n, κ, D independent of i, G be a compact Lie group and π i : P i → X i be principal G-bundle with G-connection A i satisfying
for a constant N > 0 independent of i. Then there exists a subsequence {i k } k and a metric measure space (P ∞ , d ∞ , ν ∞ ) with the isometric G-action such that
where h(g i , A i , σ) is the metric on P i defined by (2).
Proof. By the assumption, the Ricci curvatures of h(g i , A i , σ) are bounded below by the constant independent of i, hence, {(P i , h(g i , A i , σ))} i is precompact with respect to the measured Gromov-Hausdorff topology. Moreover, the functions F i,u in the assumption of Proposition 6.7 are equal to the distance function induced by σ, accordingly {F i,u } i,u is equicontinuous. Therefore, by Proposition 6.7, there exists a convergent subsequence of {(P i , h(g i , A i , σ))} i with respect to the asymptotically G-equivariant measured Gromov-Hausdorff topology. Finally, to apply Corollary 6.6, it suffices to show that all principal G-bundles π : P → X over a compact smooth manifold has a Borel section. Since X is compact, there is a finite open covering
for a map σ : {1, . . . , N} → {0, 1}. Then we have X = σ V σ and every P | Vσ → V σ has a continuous section s σ : V σ → P | Vσ . Since V σ are Borel sets, we have the Borel section of P → X by gluing {s σ } σ .
Convergence of eigenfunctions
Any Riemannian manifold (X, g) can be canonically regarded as the metric measure space (X, d g ,
), where d g is the Riemannian distance of g and µ g is the Riemannian measure. Denote by M(n, κ, D) the set consisting of isometric classes of metric measure spaces coming from closed Riemannian manifolds (X, g) with
and let M(n, κ, D) be the closure with respect to the measured GromovHausdorff distance. Here, we review the properties of the Laplacian ∆ ν defined for (P, d, ν) ∈ M(n, κ, D), which was introduced in [2] . In [2] , the self-adjoint operator ∆ ν : D → L 2 (P ) is defined on a dense subspace D ⊂ L 2 (P ). f ∈ D is called an eigenfunction if ∆ ν f = λf holds for some λ ∈ R, and λ is called an eigenvalue.
Theorem 7.1 ([2]).
(1) Let (P, d, ν) ∈ M(n, κ, D). Then there exist eigenvalues 0 = λ 1 < λ 2 ≤ λ 3 ≤ · · · and eigenfunctions f j with ∆ ν f j = λ j f j such that lim j→∞ λ j = ∞, P f j f k dν = δ jk and L 2 (P ) = span{f 1 , f 2 , . . .}. Moreover, all of f j are Lipschitz continuous. (2) Let (P, d, ν) ∈ M(n, κ, D). Then ∆ ν coincides with the ordinary Laplacian defined by Riemannian metrics.
The value λ j in (1) of Theorem 7.1 is called the j-th eigenvalue of ∆ ν . Since it is determined uniquely for each (P, d, ν) ∈ M(n, κ, D), one obtain a function
−→ the j-th eigenvalue of ∆ ν
Cheeger and Colding showed the continuity of λ j as follows.
Theorem 7.2 ([2]).
(1) Let λ j : M(n, κ, D) → R be as above. Then λ j is continuous.
and φ i , ε i be as in Definition 6.2. Put λ j,∞ := λ j (P ∞ , d ∞ , ν ∞ ) and let {f j,∞ } j be the complete orthonormal system of L 2 (P ∞ ) such that ∆ ν∞ f j,∞ = λ j,∞ f j,∞ . Then for all i there exist complete orthonormal systems {f j,i } j of L 2 (P i ) such that ∆ ν i f j,i = λ j,i f j,i , lim i→∞ λ j,i = λ j,∞ and lim i→∞ f j,i − f j,∞ GH = 0 for all j, where
In (2) of Theorem 7.2, {λ j,i } j = {λ j,i } j holds. However, λ j,i = λ j,i does not hold in general, even if i is sufficiently large, since the eigenvalues of ∆ ν∞ may have multiplicity.
Convergence of spectral structures
In [6] , Kuwae and Shioya introduced the notion of spectral structures for the Laplacian which enabled us to treat the convergence of eigenvalues in the systematic way. In this subsection we review the framework developed in [6] .
Let H i be Hilbert spaces over K = R or C for i ∈ Z ≥0 ∪ {∞}, C ⊂ H ∞ be a dense subspace and Φ i : C → H i be linear operators which satisfy
for any u ∈ C.
Definition 7.4 ([6]
). Let u i ∈ H i for i ∈ Z ≥0 ∪ {∞}.
(1) A sequence {u i } i converges to u ∞ strongly as i → ∞ if there exists a sequence
For a Hilbert space H, let A : D(A) → H be a self-adjoint linear operator on H, where D(A) is the domain of A, and suppose E is given by E(u) := Au, u H for u ∈ D(A) and E(u) := ∞ for u ∈ H\D(A). Moreover we assume that E is closed, namely, D(A) is complete with respect to the norm defined by u E := u 2 H + E(u). The spectral structure Σ generated by A is defined by
where E is the spectral measure of A, T t := e −tA , R ζ = (ζ − A) −1 and ρ(A) is the resolvent set of A.
Definition 7.5 ([6]). A sequence of closed quadratic forms {E
there exists a strongly convergent subsequence.
Definition 7.6 ([6]
). Let A i be a self-adjoint nonnegative operator on H i and Σ i be the spectral structure generated by
The authors of [6] have shown that the compact convergence of {E i } i is equivalent to the certain convergence of the other materials consisting of Σ i . See Section 2.6 of [6] for the details.
The definitions of the notions in Definition 7.4 and 7.5 depend on the choice of {Φ i } i with (7), however, we can replace it with other {Φ i :Ĉ → H i } i by the following lemma.
Lemma 7.7. LetĈ ⊂ C be dense subspaces of H ∞ . If Φ i : C → H i and Φ i :Ĉ → H i satisfy (7) and lim i→∞ Φ i (u) −Φ i (u) H i = 0 for any u ∈Ĉ, then u i → u ∞ strongly with respect to {Φ i } i iff u i → u ∞ strongly with respect to {Φ i } i .
Proof. Suppose u i → u ∞ strongly with respect to {Φ i } i , that is, there is a sequence {ũ k } k ⊂Ĉ tending to u ∞ such that
Then we have lim sup
for allũ k , hence u i → u ∞ strongly with respect to {Φ i } i . The converse follows by the similar argument since the definition of the strong convergence of {u i } does not depend on the choice of {ũ k } k tending to u ∞ .
Now let (P
and Σ i be the spectral structure generated by ∆ ν i .
Suppose that the sequence (
In the following subsections we are going to see that we can replace Φ i by G-equivariant mapsΦ i which satisfies the assumptions of Lemma 7.7.
The eigenfunctions on metric measure spaces with isometric G-actions
In this subsection we assume that G is a compact Lie group, , D) have isometric G-actions and
Let φ i , ε i be as in Definition 6.3. For any γ ∈ G, we have (R γ ) * ν i = ν i since ν i is the Riemannian measure and G acts on (P i , d i ) isometrically. Since we have
for any continuous function f : P ∞ → R and the continuous functions on compact metric spaces are uniformly continuous, then the weak limit of
for any continuous function f and γ ∈ G. By [1], ν ∞ and R γ * ν ∞ are Radon measures, hence we can see
Then by Theorem 7.1, each W i (λ) has finite dimension and we have the orthogonal decomposition
Similarly as in Section 4, for i ∈ Z ≥0 ∪ {∞}, the left G-actions on L 2 (P i ) preserve W i (λ) since G acts on P i preserving d i , ν i and the structure of ν irectifiable space. Consequently, we obtain the real unitary representation
. Fix the eigenvalue λ of ∆ ν∞ , then we may suppose
for some j 0 , where j 1 := dim R W ∞ (λ). We choose an orthonormal basis {f j 0 +1,∞ , f j 0 +2,∞ , . . . , f j 0 +j 1 ,∞ } of W ∞ (λ) and by extending it we obtain the complete orthonormal system
, {f j,∞ } j , λ, j 0 and j 1 be as above. Let λ j,i , f j,i be as in the conclusion of Theorem 7.2. Then there exists δ 0 > 0 and i λ ∈ Z ≥0 such that λ j,i < λ − δ 0 holds for any j ≤ j 0 and i ≥ i λ , λ j,i > λ + δ 0 holds for any j > j 0 + j 1 and i ≥ i λ , and |λ j,i − λ| < δ 0 holds for any j 0 + 1 ≤ j ≤ j 0 + j 1 and i ≥ i λ .
By Theorem 7.2 lim i→∞ λ j,i = λ j,∞ holds, hence there exist i λ such that λ j,i < λ − δ 0 for any j ≤ j 0 and i ≥ i λ , moreover we may also suppose |λ j,i − λ| < δ 0 for any j 0 + 1 ≤ j ≤ j 0 + j 1 and i ≥ i λ . Next we put λ j,i = λ j (P i , d i , ν i ). By the continuity of λ j 0 +j 1 +1 , and by replacing i λ larger if it is necessary, we may suppose
for any i ≥ i λ . Then combining with the above argument one can see
hence one can obtain the assertion.
Fix a sufficiently large i λ such that Lemma 7.9 holds. Note that i λ may also depend on (P ∞ , d ∞ , ν ∞ ). Define a linear map
by Ψ i (f j 0 +j,∞ ) := f j 0 +j,i . From now on we fix i ≥ i λ arbitrarily, then Ψ i is an isomorphism by Lemma 7.9, and we write
We have
and
The second term of the right-hand-side is bounded by
Now we have
By (1) of Theorem 7.1, we can take a constant C > 0 depending only on (P ∞ , d ∞ , ν ∞ ) and λ such that
holds for all u, u ′ ∈ P ∞ and j = 1, . . . , j 1 , then we obtain
which implies
Here, we have applied that φ i is ε i -approximation of G-equivariant isometry and the G-action preserves ν i . Since φ i * ν i converges to ν ∞ weakly, we can replace i λ larger enough such that
holds for any i ≥ i λ and f ∈ W ∞ (λ) with f L 2 = 1. By (12)(13) we obtain
then by combining (11), we have
Next we estimate the first term. By the weak convergence of the measures, the first term converges to 0 for each j, l and γ ∈ G as i → ∞, however, we need the uniform estimate with respect to γ. Lemma 7.10. Let G be a compact Lie group equipped with the distance d G . There is a constant C > 0 depending on (P ∞ , d ∞ , ν ∞ ) and λ such that the following holds. For any ε > 0 there exists δ > 0 such that for any δ-covering
for any γ ∈ G and j, l = 1, . . . , j 1 .
Proof. By applying (12)(13), we have
By (10), we obtain
Define a continuous function F :
Since G is compact metric space, F is uniformly continuous. Therefore, for any ε > 0 there exists δ > 0 such that
Now we apply Lemma 7.10 to (14). Take ε > 0 arbitrarily, and take δ > 0 as in Lemma 7.10 and fix a δ-covering G (δ) ⊂ G with ♯G (δ) < ∞. Then by the weak convergence of ν i and (2) of Theorem 7.2, we can take
for any i ≥ i 1 , therefore we obtain the following result.
Proposition 7.11.
7.3 Existence of the G-equivariant map Proposition 7.12. Let (τ, W ) and (τ ′ , W ′ ) be a real unitary representation of a compact Lie group G with dim R W = dim R W ′ = j 1 , and , W , , W ′ be the inner product on W and W ′ respectively. Let Ψ : W → W ′ be a linear isomorphism preserving the inner products which satisfies
for 0 < ε 0 < 1 and some orthonormal basis f 1 , . . . , f j 1 ∈ W . Then there is a G-equivariant isomorphismΦ : W → W ′ preserving the inner products such that
accordingly we can see
G-equivariant, and one can see that it preserves inner products. Moreover, we have
Combining Propositions 7.11 and 7.12, we have the followings. Proposition 7.13. Let G be a compact Lie group, , D) have isometric G-actions and
Then there exists a subspaceĈ ⊂ C such thatĈ is dense in H ∞ , G·Ĉ ⊂ C holds and there are linear operatorsΦ i :
In particular, u i → u ∞ strongly with respect to {Φ i } i iff u i → u ∞ strongly with respect to {Φ i } i by Lemma 7.7.
Proof. LetĈ := λ W ∞ (λ). Then Theorem 7.1 implies thatĈ is dense in H ∞ andĈ ⊂ C. Take i λ such that Lemma 7.9 holds for each eigenvalue λ, then replace i λ by the larger one defined by max{i λ ′ ; λ ′ is an eigenvalue of ∆ ν with λ ′ ≤ λ}. Now, by replacing i λ larger if necessary, we may suppose sup f L 2 =1 Ψ i (f ) − f GH ≤ 1 for any i ≥ i λ . Moreover, there is a constant C > 0 depending only on λ and (
hence we can show
Then it is easy to see thatΦ i are Gequivariant isometries and satisfy lim i→∞ Φ i (f ) −Φ i (f ) L ∞ = 0 for any f ∈Ĉ.
Spectral structures with group actions
Let H i , C, Φ i : C → H i be as in Section 7.1, and Σ i be the spectral structures generated by A i : D(A i ) → H i . In this section we observe some spectral structures induced from Σ i .
Tensor products
Let V be a real vector space of dimension k with a positive definite inner product. Then H i ⊗ V are Hilbert spaces whose inner products are given by
where e 1 , . . . , e k ∈ V is an orthonormal basis and
Then we can check the followings easily.
Proof. (1) is obvious. We show (2) . Suppose 
Next we take α u α ∞ ⊗e α ∈ H ∞ ⊗V arbitrarily. By the assumption there are u
∞ ⊗ e α strongly by Proposition 8.2 and we obtain
Finally, we take As a consequence, we obtain the following. 
Closed subspaces
Let K i ⊂ H i be closed subspaces. In this subsection we assume the followings. 
holds, which gives
, we have the assertion. Proposition 8.5. Let u i ∈ K i .
(1) u i → u ∞ strongly with respect to {Φ i | C ′ } i iff u i → u ∞ strongly with respect to {Φ i } i .
Main result
Combining Propositions 7.13 and 8.8 we have the following result.
Theorem 9.1. Let G be a compact Lie group, (P i , d i , ν i ) ∈ M(n, κ, D) and (P ∞ , d ∞ , ν ∞ ) ∈ M(n, κ, D) have isometric G-actions and
Let Σ i be the spectral structures generated by ∆ ν i and (ρ, V ) be a finite dimensional unitary representation of G. Then Σ Theorem 9.2. Let G be a compact Lie group, (P i , d i , ν i ) ∈ M(n, κ, D) have isometric G-action for each i ∈ Z ≥0 ∪ {∞} and
Denote by λ ρ i,j the j-th eigenvalue of
G and let {f ∞,j } j be the orthonormal system of (L 2 (P ∞ )⊗V ) G such that ∆ ν∞ f ∞,j = λ ρ ∞,j f ∞,j . Then there are orthonormal systems {f i,j } j of (L 2 (P i ) ⊗ V ) G such that ∆ ν i f i,j = λ ρ i,j f i,j and lim i→∞ f i,j − f ∞,j GH = 0.
Proof. LetΦ i be as in Proposition 7.13 andΦ ρ i be as in Section 8.3. By putting f i,j :=Φ ρ i (f ∞,j ) we have the assertion by Proposition 7.13. Let P be a principal G-bundle, A be a G-connection on P , (ρ, V ) be a real unitary irreducible representation of G. Put E ρ = P × ρ V and let ∇ = ∇ A is induced from A, and λ ∇ j be the j-th eigenvalue of the rough Laplacian ∇ * ∇. As a consequence of the above theorem, we have the following result.
Theorem 9.3. Let G be a compact Lie group. For any κ ∈ R, D, N > 0, there exist constants 0 ≤ c j < C j depending only on j, n, κ, D, N, G, ρ, V such that lim j→∞ c j = ∞ and the following holds. For any closed Riemannian manifold (X, g) of dimension n and principal G-bundle π : P → X with the G-connection A such that dim X = n, Ric g ≥ κg, diam X ≤ D,
Proof. For fixed n, κ, D, N, let M G (n, κ, D, N, σ) be the space consists of isometric classes of the Riemannian manifold (P, h(g, A, σ)) satisfying the assumptions. By Theorem 6.10, M G (n, κ, D, N, σ) is precompact with respect to the asymptotically G-equivariant measured Gromov-Hausdorff topology.
Since the function which maps (P, h(g, A, σ)) to λ ∇ j = λ ρ j − χ σ,ρ is continuous by Section 3 and Theorem 9.2, it has the minimum c j and maximum C j . Next we show that c j → ∞ as j → ∞. Suppose not. Then there are a constant B > 0, an increasing sequence 1 ≤ j 1 < j 2 < j 3 < · · · , principal bundles P k → X k with G-connections A k such that λ 
